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Abstract-The contact behavior between a smooth rigid cylinder and a simply supported or­
thotropic beam under uniaxial initial stresses is studied. The displacements are computed by
superposing Mindlin plate solution with the solution obtained from Siot's theory of incremental
deformation. Finite Fourier transforms are used in solving the equations. A point matching
technique is used to compute the contact stresses and the amount of indentation for a given
contact length. The effects of orthotropy and initial stresses on the contact stress distribution
are investigated. An indentation law is established from the numerical results.

NOTATION
an Fourier coefficients

b.. ... , b., d.. ... ,d. elasticity solution constants
Bli incremental stiffness coefficients

c semi contact length
eli elastic constants of the orthotropic medium

E" E3 Young's moduli
Gil Shear modulus

h beam thickness
i square root of - 1
k transverse shear correction factor

k· dimensionless contact coefficient
L half length of beam
n transform variable

tv<1 initial stress resultant
p(x) load distribution

P total load
q exponent in indentation law
(lj magnitude ofjth pressure distribution
R radius of indenter
So magnitude of initial stress in the x-direction
Sli incremental stress components in Siot's theory
u horizontal displacement
II' vertical displacement

11'0 vertical displacement at the center
Wjk vertical displacement ofjth point due to kth load distribution of unit magnitude

x, z horizontal and vertical coordinate axes
a indentation

'Vii incremental shear strain
E.... Ez incremental normal strains

8 slope of deflection curve at the supports (calculated from beam theory)
AI, A3 principal elongations due to initial stresses

Vl3, V31 Poisson's ratios
~ transform variable (= n'ffIL)

PI. . . . • p. roots of the characteristic equation
(1.... (1z incremental normal stresses

T.... incremental shear stress
III beam rotation in the xz plane
III local rotation of a material element

I. INTRODUCTION

The problem of smooth indentation of an isotropic beam by a rigid CYlinder was studied
by Keer and Miller [1]. Their method superposes an infmite layer solution derived
through the use of integral transforms with a pure bending beam theory solution. The
problem is reduced to a Fredholm integral equation of second kind, which is solved
numerically. Keer and Ballarini [2] used a similar method as above to solve the problem
of contact between a rigid indenter and an initially stressed orthotropic beam. The
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elasticity solution for transverse loading on an initially stressed, infinitely long layer
was obtained using an exact rate formulation in terms of the first Piola-Kirchhoff stress
components referred to the current configuration. They derived expressions for contact
stresses and beam compliances for various combinations of initial stresses and boundary
conditions.

Sankar and Sun [3J approached the same problem in a simpler way. They first con­
sidered the two-dimensional problem of a beam subjected to an arbitrary but sym­
metrical loading. The loading was considered as the sum of an uniformly distributed
load (V.D.L.) and a varying part of zero average value. The deflection due to V.D.L.
was obtained from the classical beam theory. The displacements due to the varying
part. of the load were evaluated by solving the plane elasticity equations using finite
Fourier transforms. The problem of indentation was solved by using the above pro­
cedures in corijunction with a point matching technique.

In this paper, a similar approach is used to solve the problem of indentation of an
orthotropic beam by a rigid cylinder. The cases wherein the beam is under initial
stresses along the longitudinal direction are also considered. The indenter is assumed
to be smooth, i.e. there is no friction under the indenter. Section 2 deals with a method
to solve the two-dimensional problem of an orthotropic beam subjected to uniform
initial stresses along the longitudinal direction and an arbitrary symmetrical transverse
loading on one side of the beam. The transverse loading is considered as the super­
position of an V.D.L. and a varying part of zero average value. The deflection of the
beam due to V.D.L. is obtained by using Mindlin plate theory which accounts for shear
deformation. The effect of the axial force is also included in the above formulation.
The displacements due to the varying part of the transverse loading are evaluated by
solving the plane elasticity equations using finite Fourier transforms. Biot's theory of
incremental deformations is used to formulate the equations of equilibrium when the
beam is subjected to initial stresses. The above mentioned theory has been discussed
in detail in [4]. Essentially, BioI's method involves separating the rotations from pure
deformations. This is achieved by referring the stresses and strains to coordinate sys­
tems which rotate with the material elements at each point. Then it is argued that the
incremental stresses depend linearly on the incremental strains referred to the rotated
coordinates. The equilibrium equations in displacements u and w, after linearization,
look similar to the conventional equations except for that the elastic constants appear
to have been modified by the presence of initial stresses.

The problem of indentation is discussed in Section 3. The contact length is assumed
to be known a priori and the contact stresses are computed using a point matching
technique. It has been found that for small contact lengths, the contact stress distri­
bution is elliptical and this fact is used to solve the problem in a direct way. The above
method is referred to as the method of assumed stress distribution.

Numerical examples and discussions are presented in Section 4. In the examples,
the orthotropic medium is assumed to be a fiber-reinforced composite and the properties
are computed using the rule of mixtures. The elastic constants of the fiber and matrix
materials and the volume ratios are assumed suitably. The quantities of interest in such
problems are: variation of contact length with the load, contact stress distribution,
overall beam stiffness and load-indentation relationship. Indentation is defined as the
difference in the displacement of the indenter and that of the corresponding point on
the bottom surface of the beam. Our discussions are focussed on two aspects, namely,
the effect of anisotropy of the beam material and the effect of initial stresses in the
beam.

The results of such static contact problems are very useful in the study of transverse
impact problems. For example, Sun and Chattopadhyay [5J used a Hertzian type contact
law to compute the impact force history. The increasing use of composite materials in
aerospace as well as automobile structures has generated a great interest in the low
velocity impact problems. The formulation of such problems are based on the as­
sumption that the elastodynamic effects occur during a short interval of time, and hence
the local deformation and stresses can be approximated by the elastostatic solution for
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indentation. Moreover, an impacted structure tnafbe'tlftder a state of initial stresses
during foreign object impact, e.g. composite facing of a sandwich beam under bending
loads, jet engine fan blades subjected to centrifugal forces. In such situations the meth­
ods ofanalysis presented here will be very useful. It is shown that the Young's modulus
in the transverse direction and also the initial stresses in the beam can significantly
alter the local contact behavior.

2. AUXILIARY PROBLEM

The problem to be discussed in this section is depicted in Fig. 1. The beam material
is assumed to be orthotropic with the material axes of symmetry parallel to the co­
ordinate axes. The width of the beam (in the y-direction) is assumed to be unity. Uniform
initial stresses of magnitude So are assumed to be present in the x-direction. Also, the
beam is supposed to be simply supported. The case of clamped ends can be treated in
an analogous manner. The load p(x) is arbitrary, but assumed to be symmetrical about
the center of the beam. The function p(x) can be expressed in the form of a complex
Fourier series in the interval - L to +L. Thus,

P
p(x) = - +

2L
(1)

n"O

where P is the total load given by

p = J-~.(" p(x) dx

and an are the Fourier coefficients expressed by the formula

I J+I. .
an = 2L _L p(x)e - tn1fxlL dx. (2)

Actually, the load p(x) can be considered as the sum of two types of loadings, namely,
an U.D.L. of intensity PI2L and a varying part P.(x). Thus eqn (1) may be written as

p
p(x) = 2L + P.(x). (3)

The methods of finding the displacements due to each part of the applied load are
discussed below.

2.1. Deflection due to U.D.L.
We assume a state of plane-strain parallel to the x-z plane. The constitutive relations

z
Fig. I. Orthotropic beam subjected to axial initial stresses and an arbitrary. symmetrical trans­

verse loading.
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of the orthotropic medium are given by

(4)

where ax. O'z. 'Txz and Ex. Ez and "(Xl are incremental stresses and strains due to the
transverse loading and they are referred to x and z axes. The elastic constants Cij are
assumed to be the same as those in the natural state. This assumption is reasonable
for solids which do not experience large deformations and rotations when subjected to
the initial stresses. These constants can be related to the orthotropic engineering elastic
constants E.. E2 • etc.

We shall use the plate bending equations developed by Whitney and Pagano [6]. The
initial stresses along the x-axis are accounted by adding the term N~w,xx to the loading
term P12L. Thus the equations of equilibrium are [5]:

D11I\!lXX - kAss(I\! + w,x) = 0

kAss(I\!.x + w,xx) + (:z. + N~woxx) = 0

(5)

(6)

In the above equations, N~ is the initial stress resultant, w(x) is the transverse dis­
placement, I\! is the rotation about y-axis, k, the transverse shear correction factor is
taken to be 0.67 and

Equations (5-6) are ordinary simultaneous differential equations in variables I\!(x) and
w(x) which may be solved using Fourier transforms. The following boundary conditions
have to be used to solve for the arbitrary constants involved in the solution. The
boundary conditions are: at x = ±L, I\!.x = 0 and w = O. The final solution for the
transverse displacement is given by

w(x') = (PDII/2LN~2)( -1 + coshVi3N~x'

p' p '2

- tanhVi3N~L sinhVi3N~x') + 2~~ - 4:N~ (7)

where

x' = x + L, 13 = kAssIDII(N~ + kAss ).

2.2. Displacements due to PJ(x)
In this section we describe the method of solving the two dimensional problem of

an orthotropic beam under initial stresses, subjected to transverse loading PI(X). As
mentioned earlier, the approach we are going to use is that of Biot, which has been
discussed in detail in [4]. The assumptions used in the present analysis are as follows.
Plane strain condition is assumed along the y-direction, i.e. Eyy = "(yx = "(yz = O. The
initial stresses do not change the planes of material symmetry of the original orthotropic
medium. So, the incremental stress-strain relations are also orthotropic. The relevant
equilibrium equations are [4]:

SJ 1,.< + SI3.l + Sow.l = 0

S.3,.< + S33.l + Sow ox = 0
(8)

where So is the initial stress along the x-direction. S •• , S33 and XI3 are incremental
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stresses referred to axes I, 3 which rotate locally With the material. The local rotation
tal is given by

tal = i(w,x - U,~)

where u(x, z) denotes the horizontal displacement. The incremental strains for small
incremental deformations are given by

(9)

Biot's theory assumes that incremental stress-strain relations are linear as given below:

[:: ].
'Yx~

(10)

The stiffness coefficients By are generally functions of the elastic constants of the
original orthotropic medium and the initial stress So. The details of derivation of these
coefficients are given in [4] and only the results are presented here.

Let XI and X3 be the principal elongations in directions x and z due to the initial
stress So. Physically this means that an unit square in the x-z plane deforms into a
rectangle of dimensions AI and A3 due to application of initial stresses. We assume that
the material is linearly elastic and use the constitutive relations (4) to compute XI and
A3. The incremental elastic coefficients By are expressed in terms of the elastic coef­
ficients of the original orthotropic medium and the principal elongations AI and X2 as

B II = XIC II

B33 = X3C33

B31 = So + X3C I3

B I3 = A3C13

(11)

It may be noted that B I3 is not equal to B31 • This is because of lack of symmetry in
the initial stress state.

Using the incremental stress-strain relations (10) and the strain-displacement rela­
tions (9), equilibrium equations (8) can be reduced to the following form:

where

Alu,xx + A 2u,u + A 3 w,xz = 0
A4W,z~ + Asw,xx + A 3u,xz = 0

A2 = Q3 - So/2

A3 = B31 + Q3 - So/2

As = Q3 + So/2.

(12)

One can note that the equations ofequilibrium (12) are similar to those for an orthotropic
medium without initial stresses, except that the elastic constants are modified by the
presence of initial stresses.
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In the case of initial stress problems, the stress boundary conditions are caUed "in­
cremental boundary force conditions" [4]. The incremental boundary forces ~fx and
~f;. can be expressed in terms of the incremental stresses SIJ, S13, S33 and the initial
stress So. For the problem in consideration, the incremental boundary force conditions
are as follows:

on z = h, ~fx = (S13 - So"Yx;./2) = 0

~f;. = S33 = 0

on z = 0, ~fx = (S13 - So"Yx;./2) = 0

~fz = -S33 = PI(X).

(13)

We use finite Fourier transforms to solve the set of partial differential equations
(12). The Fourier transform of f(x) is defined as

1 f+L .f(n) = - f(x)e-m'ffxIL dx.
2L -L

Then the inverse transform is

f(x) = fo + ~ f(n)ein'ffXIL
11Z= _:c

n"O

(14)

where fo is the average value of the function over the interval - L to +L. From eqns
(1-3) we obtain

iJl(n) = an; n -.rf 0

= 0; n = O.
(15)

Taking Fourier transforms of both sides of eqn (12), we have to transform functions
such as u'xx and impose certain displacement boundary conditions. We shaU use the
foUowing approximations in addition to the known condition w( ± L, z) = O. First, we
assume that

where e is the average slope at the ends of the beam due to load PI(X) evaluated using
Mindlin plate theory. The axial force in the beam should also be taken into consid­
eration. In addition, we assume that plane sections remain plane after bending, which
leads to the boundary condition

u(±L, z) = ± (z - ~) e.

We also make use of the symmetry condition

u,,,,( - L, z) = u,,,,(L, z).

Physically this means that the incremental strains E"'(Z) are the same on both ends of
the beam. With the above conditions, eqn (12) transform as

Azu,u - A1t2u + A3itiV.z = -AlitI (z -~) cosmr

A4w,zz - Asew + A 3it'U.z = (As - A 3 ) ~ cos mr

(6)
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The solution of the above system of ordinary differential equations consists of com­
plementary functions involving four arbitrary constants and particular integrals as given
below.

w(n z) = ~ b.ePi~Z - ~ cos nTr
• ~ I Lc2.= I ."

u(n, Z) = ±d.e')j~ + i8 (z - ~) cos nTr
;=1 L~ 2

where PiS are the roots of the characteristic equation

biS are arbitrary constants, and the constants di are related to b; by

(17)

To evaluate the constants b; we make use ofthe boundary conditions (13). The boundary
conditions are first expressed in terms of displacements by using the incremental stress­
strain relations (10) and strain-displacement relations (9). Then by taking transforms
and substituting for ii and iii from eqn (17), we obtain the following simultaneous equa­
tions in biS:

The above equations are solved for biS and substituted back in eqn (17) to determine
iii(n, z). By taking the inverse transform we obtain

+""
w(X, z) = wo(z) + L w(n. z)ein'ffxIL.

n"O

It can be shown that wen, z) = w( -n, z) and the solution reduces to

""
w(X, z) = wo(z) + 2 ~ w(n. z) cos nTrx!L.

n-I

(18)

To evaluate the term wo(z), we make use of the boundary condition w(L, z) = o.
Equation (18) gives the displacements due to load PI(X). The final solution is the sum
of the deflection due to U.D.L. given by eqn (7) and that given by eqn (18).
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3. INDENTATION BY A RIGID CYLINDER

The methods developed in Section 2 are used to solve the problem of indentation
in an indirect way. We assume that the contact length 2c is known and then calculate
the contact stresses. Once the stress distribution under the indenter is known, other
quantities such as total load, overall deflection of the beam and amount of indentation
can be easily computed using the methods described in Section 2. We define the amount
of indentation as the difference in the vertical displacements of the indenter and the
corresponding point on the bottom side of the beam. In the following subsections, two
methods for computing the contact stresses are discussed, Le. method of point match­
ing, and assumed stress distribution method.

3.1. Method ofpoint matching
In this method, contact length 2c is assumed to be known a priori. Also, the contact

stress distribution is discretized and considered to be the superposition ofa finite number
of symmetrical rectangular loadings of unknown magnitudes distributed over known
lengths (Figure 2b). For example, the contact length 2c may be divided into m equal
parts. Thus, the jth load distribution is of magnitude <J.j and its span is 2{jlm. The m
number of equations required to solve for the unknown qs are set up by the fact that
the indented surface lies on a circular arc of radius R which is also the radius of the
indenter. To achieve this we consider m reference points on the contact surface ex­
cluding the center point. We define the following notations: Wjk is the vertical displace­
ment of jth reference point due to kth load distribution of unit magnitude; WOk is the
vertical displacement of the mid-point of contact area due to kth load distribution of
unit magnitude; Wj is the vertical displacement ofjth point due to indentation; Wo is the
vertical displacement of mid-point due to indentation; and Xj is the x-coordinate ofjth
reference point.

For small contact lengths we can use the following approximate relation

(Wo - Wj) ::::: x}12R.

But from the definitions

In

Wo = ~ WOkqk
k=1

~-- I.''. I .

R

Fig. 2. (a) Cylinder indenting a beam under initial stresses. (b) Discretization of contact stress
distribution.

(19)

(20)
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and
m

Wj = L Wjkqk.
k=1

From eqns (19-21) we obtain

m

L (WOk - Wjdqk = x]/2R, j = I, ... , m.
k-I

169

(21)

(22)

The quantities WOk and Wjk are displacements due to unit stress distributions over known
spans and they may be computed using methods discussed in Section 2. The m si­
multaneous equations (22) may be solved for the m unknown qs. From the contact
stress distribution other quantities of interest such as total load, vertical displacements
and the amount of indentation may be computed. By varying the contact length 2c, a
whole series of load-indentation relations may be developed.

The optimum number of divisions m depends upon the contact length and also the
stress gradients. For example, in the beginning of indentation, contact stress distri;
bution is nearly elliptical. So, even a small number ofdivisions yield converging results.
As the contact length increases, there is a peaking of stresses at the ends of the contact
zone and it requires larger number of divisions to get more accurate results. In the
numerical examples m was varied from 10-40 depending on the contact length. The
results obtained using the point matching technique are presented in Section 4.1.

3.2. Method of assumed stress distribution
As will be discussed later, for small contact lengths (e.g. c/h S 0.5) the contact stress

distribution may be represented by an ellipse; i.e. the stresses under the indenter are
given by

(23)

In the above equation c is the semi contact length and Po is the maximum value of the
stress at the center. As before, we start with a known contact length 2c leaving Po as
an unknown. Then we assume a similar stress distribution with some arbitrary Po, say
Po, and compute the vertical displacements of the points in the contact zone. The
average radius of curvature of the indented surface R' may be calculated using the
relation

where m is the number of reference points over the contact length; Xj is the x-coordinate
ofjth reference point; 11'0 is the vertical displacement of the center point; and Wj is the
vertical displacement of the jth point. Generally, R' will be different from the radius
of the indenter R. But, the displacements vary linearly with the load and hence the
peak stress Po required to produce a radius R is given by

PoR = PoR'

The desired load distribution is then given by eqn (23). The vertical displacements and
indentation may be calculated using the methods explained earlier.

4. RESULTS AND DISCUSSIONS

The numerical results presented in this section were obtained by using the assumed
stress distribution method for c/h S 0.2 and the point matching technique for c/h ~
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Table I. Properties of the orthotropic materials used in the numerical examples

Material
Property 2 3

E1{GPa) 34.5 34.5 34.5

E/E1 0.9 0.067 15.0

G13/E1 0.35 0.026 0.38

"13 0.3 0.3 0.02

"31 0.27 0.02 0.3

0.1. In all the examples, E.. the Young's modulus in x-direction is kept as a constant
equal to 34.5 GPa(5 x 106 psi). The length of the beam is assumed as 50.8 mm (2
inches), and thickness is 2.54 mm (0.1 in.). The width in the y-direction is taken as
25.4 mm (l inch) and radius of the indenter is assumed to be 25.4 mm (l inch).

As mentioned earlier, our discussions focus on (0 the effect of orthotropy and (ii)
the effect of initial stresses on the contact behavior. To study the effect of orthotropy.
we consider three different material systems. Their properties are presented in Table
I. In Table I, G13 is the transverse shear modulus, "I) and "31 are the Poisson's ratios
when loads are applied in the x and z directions, respectively.

Material I is nearly isotropic and it is considered in the present study so that the
results can be compared with those for an isotropic beam presented in [3]. Materials
2 and 3 have E), the transverse Young's modulus, quite different from £ •. The effect
of initial stresses is studied with beam made of Material I. Both tensile and compressive
initial stresses are considered. The value of tensile stress considered in the example is
equal to 0.02 E•. The compressive stress is 0.001 E" which corresponds to about half
the buckling load for the beam considered.

4.1. Effect oforthotropy on contact behavior
Curves in Figs. 3-10 depict the contact behavior of the three orthotropic beams.

Initial stresses are not considered in these examples.
4.1.1. Contact stresses. The nondimensional contact stress distribution p(x) for

beam 1 is shown in Fig. 3. The stress distribution is plotted for various values of c/h.

2.250

1.500

lL
a...

.750

0.000
0.000 .250 .500

x/c

.750 1.000

Fig. 3. Contact stresses in beam 1 (E)/E1 = 0.9. p: contact stress. P: total load).
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Q.

a
u

.6000

.3000

0.0000
0.000 .250 .500

'Ie

.750 1.000

Fig. 4. Contact stresses in beam 2 (E3/E. = 1115).

Actually the discretized stress distributions obtained through the use of point matching
technique are smoothed out in the figures. From Fig. 3 it can be seen that the nondi­
mensionalized contact stresses are close to the results of the isotropic beam given in
[3]. For small contact lengths (c/h s 0.6) the contact stress distribution is nearly el­
liptical. On further indentation, the stresses in the central portion of the contact zone
decreases whereas there is peaking of stresses at the ends. As the beam wraps around
the indenter (e.g. c/h = 4), the contact stresses in the central portion becomes zero.
This behavior has been the discussion of [I] and [3].

From Fig. 4 it may be seen that a reduction in Young's modulus E3 does not affect
the nature of contact stress distribution at the beginning of indentation. Even for large
c/h values, the deviation from the elliptical distribution is less when compared to beam
1. But opposite is the case when E3 is increased. Figure 5 shows that in beam 3 (E3 /

E. = 15) deviation from the elliptical stress distribution starts earlier and also, the
peaking of stresses is more severe. The conclusion is that the local indentation behavior
very much depends on E3 whereas E. controls the wrapping behavior and is responsible
for the peaking behavior discussed earlier.

3.000

2.000

Q.

ir
u

1.000

0.000
0.000 .250 .500

'Ie

.750 1.000

Fig. 5. Contact stresses in beam 3 (E3/E. = 15).
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.3000

.2000

.1000

0.0000
0.0000 .1250 .2500 .3750 .5000

cth

Fig. 6. Load-contact length relation (no initial stresses).

4.1.2. Load-contact length relation. The load-contact length relationship is de­
picted in Fig. 6. As can be seen, the load required to produce a given contact length
depends on the value of E3 • However, at higher loads wrapping behavior dominates
the indentation behavior. The increase in contact length is essentially due to beam
bending rather than indentation. Moreover, it may be seen that in beams I and 3, there
is a rapid increase in contact length even for small load increments, when the nondi­
mensionalload is about 0.167. This is the point where the average radius of curvature
of the beam at the center approaches that of the indenter. In the case of beam 2, this
effect is not as significant and also it occurs at a lower load. The reasons are lower
value of E3 and also lower G13 (see Table 1).

4.1.3. Overall beam stiffness. Curves in Figure 7 depict the relation between total
load and the center point deflection which is also the displacement ofthe indenter. The
relations are linear until wrapping begins. At higher loads, the beam apparently becomes
stiffer. Though E. is the same for all beams, beam 2 is less stiff than the other two
because of lower shear modulus G13 •

.5000.3750.1250 .2500
WaRt@

Fig. 7. Load versus indenter displacement (no initial stresses).
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•3000
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.1000

.0500
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0.0000 .1250 .2500 .3750

1115

.5000

Q/h (x 10 -2)

Fig. S. Load-indentation relation (no initial stresses, a: indentation).

4.1.4. Indentation law. As can be seen from Fig. 8, the amount of indentation
increases with the load up to a certain point and then starts decreasing with increasing
load. This is due to the distribution of load over larger contact area at higher loads. It
may be noted that the initial portion of the load-indentation relation, where the bending
is not much in effect, may be approximated by a power law of the type

p* = k*a*q

where

P* = PRLI£,h 3

a* = alh

q = exponent of the indentation law

k* = dimensionless contact coefficient.

Least squares fitting of the data shown in Fig. 8 gives an average value of q = 1.18.
The values ofk* are tabulated in Table 2. From this table it is obvious that the transverse
Young's modulus £3 has more effect on k*. In general, k* is a function of the elastic
constants of the beam material and radius of the indenter. The exact functional form
has not yet been found out.
4.2. EJJect of initial stresses on contact behavior

Beam 1 which is nearly isotropic is considered in the study of the effect of initial
stresses on contact behavior. The idea is to distinguish between the initial stress effect
and that due to orthotropy. Both tensile and compressive initial stresses along the x­
direction are considered.

Table 2. Indentation law constants for the three orthotropic materials

*k

Beam 1

0.9

215.4

Beam 2

1/15

17.24

Beam 3

15

1634



174 C. T. SUN AND B. V. SANKAR
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Fig. 9. Contact stresses in beam I under initial tension (So = +O.02Ed.
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Fig. 10. Contact stresses in beam I under initial compression (So = -O.OOIEd.

.5000.3750.2500.1250

.3000

0.0000
0.0000

.2000

"le_
I!:!
...J

It
-0.001 E,
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Fig. 11. Load-contact length relation for beam I under initial stresses.
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.3000

.2000

.1000

0.0000
0.0000 .1250 .2500
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.3750 .5000

Fig. 12. Load versus indenter displacement for beam I under initial stresses.

4.2.1. Contact stresses. Figure 9 shows the stresses under the indenter for various
c1h values when the beam is under initial tension. Again, for small c1h values the stress
distribution is elliptical. But for higher c/h (e.g. c1h = 4), the stresses in the central
portion of the contact area do not become zero (cf Fig. 3), but remain at a.constant
value. This contact stress is necessary to equilibrate the vertical component of the
initial stresses in the bent beam. In fact, this constant value of stress is found to be
nearly equal to N~/R. where N~ is the initial stress resultant and R is the radius of the
indenter.

Curves in Fig. 10 depict the contact stress distribution when the initial stresses are
compressive. At the beginning of indentation, as expected, the contact stress distri­
bution is elliptical. But at higher contact lengths (e.g. c/h = 4), the contact stresses at
the center become negative, implying tensile stresses. As in reality such negative con­
tact stresses cannot exist, this suggests possible loss of contact and redistribution of
contact stresses. The present analysis is not valid beyond this point and we may have
to resort to a trial and error method for an exact analysis.

4.2.2. Load-contact length relations. Figure II shows the load-contact length re­
lationship for various values of initial stresses. At the beginning of indentation, when
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Fig. 13. Load-indentation relations for beam I under initial stresses.



176 C. T. SUN AND B. V. SANKAR

bending has not come into effect, all the three curves are indistinguishable, indi­
cating that the initial stresses have no significant effect on the contact behavior. In
fact, the initial stresses do not affect the contact behavior directly, but they modify
the flexural rigidity of the beam which in turn affects the contact behavior. This is
evident from Fig. JI where one can see that wrapping of the beam around the indenter
begins at different values of the total load.

4.2.3. Overall beam stiffness. Figure J2 shows the effect of initial stresses on the
flexural rigidity of the beam. The results reveal no surprises.

4.2.4. Load-indentation relations. The load-indentation relations shown in Fig. J3
reiterate the fact that the presence of initial stresses is not felt appreciably until the
bending effects come into picture. For small contact lengths, the indentation law re­
mains unchanged irrespective of the initial stresses. Deviation from this' law occurs
earlier when the initial stresses are compressive. With tensile initial stresses, the same
indentation law may be considered to be valid even for slightly higher loads. It is
interesting to note that the presence of tensile initial stresses makes indentation easier
while compressive initial stresses make indentation harder.
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